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Motivation Real-life Modeling Example

Motivation

Suppose that we consider the issue of estimating the time required to
complete a project.

Expert: "It typically takes 8 to 12 days, and on average, it takes
about 11."

Classical Interval: [8, 12]
only gives lower and upper bounds,
implicitly assumes equal probability for early and late outcomes.

Triangular Fuzzy Number: (8, 11, 12)
uses a membership function µ(x) ∈ [0, 1],
describes possibility, not probability,
identifies 11 as the "most representative"value,
but does not quantify how likely early vs. late completion is.
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Motivation When Symmetry Breaks

Motivation – Multiplication of Uncertain Quantities

Let us consider a simple symmetric case:

X = [0.5, 1.5] or X = (0.5, 1.0, 1.5)

Classical Interval Numbers:
X ·X = [0.25, 2.25]

Computed only from the extreme points.
Midpoint 1.25 is often (wrongly) taken as “typical”.
In reality, most values of X2 are concentrated near 1.
True expected value: E[X2] = 1.083... ̸= 1.25.
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Motivation When Symmetry Breaks

Why is the expected value E[X2] = 1.083 . . . ?

Let X ∼ U(0.5, 1.5).
PDF of X:

fX(x) =
1

1.5− 0.5
= 1, x ∈ [0.5, 1.5].

Expected value of Y = X2:

E[X2] =

∫ 1.5

0.5
x2fX(x) dx =

∫ 1.5

0.5
x2dx.

Compute: ∫
x2dx =

x3

3
⇒ E[X2] =

1.53 − 0.53

3
.

Numerically:

E[X2] =
3.375− 0.125

3
=

3.25

3
≈ 1.083...
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Motivation When Symmetry Breaks

Motivation – Multiplication of Uncertain Quantities

Triangular Fuzzy Number:
X ·X = (0.25, 1.0, 2.25)

Identifies 1.0 as “most representative”.
But describes possibility, not probability.
No information on how likely 0.25 vs. 2.25 is.

Observation

Classical Interval Numbers (CIN): produce a range [0.25, 2.25] and suggest 1.25 as a
“typical” value, which is incorrect since the true expectation is 1.083... (closer to 1).
Triangular Fuzzy Numbers (TFN): emphasize 1.0 as the central value, but this is not the
probabilistic expected value, only a possibility-based indication without information on
how likely 0.25 or 2.25 are.
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Asymmetric Interval Number (AIN) Definitions

AIN definition

Definition
The AIN is defined as a closed interval number [a, b] with a given characteristic value c. The
formal notation of AIN takes the following Eq. (1):

X = [a, b]c = {x ∈ R | a ≤ x ≤ b ∧ c = E(X)} (1)

where a, b and c are the real numbers; E(X) is expected value.

∫ +∞

−∞
f(x)dx = 1 (2)

E(X) =

∫ +∞

−∞
x · f(x)dx (3)
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Asymmetric Interval Number (AIN) Definitions

The approximated probability density function for AIN [a, b]c

pdf(x) =


α, a ≤ x < c
β, c ≤ x ≤ b
0, others

(4)

a c b
x

pd
f

α =
b− c

(b− a)(c− a)
; β =

c− a

(b− a)(b− c)
(5)
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Asymmetric Interval Number (AIN) Definitions

Cumulative Distribution Function

cdf(x) = P (X ≤ x) =

∫ x

−∞
f(x)dx (6)

cdf(x) =


0, x ≤ a

α(x− a), a ≤ x ≤ c
α(c− a) + β(x− c), c ≤ x ≤ b

1, b ≤ x

(7)

Inverse Cumulative Distribution Function

Q(p) =

{
a+ p

α , 0 ≤ p ≤ α · (c− a)

c+ p−α·(c−a)
β , α · (c− a) ≤ p ≤ 1

(8)
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Asymmetric Interval Number (AIN) Definitions

Additive and Multiplicative Inverses of AIN

Additive Inverse
For X = [a, b]c:

−X = [−b,−a]−c

Multiplicative Inverse

We use the Law of the Unconscious Statistician (LOTUS): E[g(X)] =
∫ +∞
−∞ g(x) f(x) dx

If 0 /∈ [a, b]:
1

X
=

[
1
b ,

1
a

]
c1

c1 =

α ln
(
c
a

)
+ β ln

(
b
c

)
, a ̸= b,

1
a , a = b
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Asymmetric Interval Number (AIN) Arithmetic Operations

Basic Arithmetic Operations on AIN

Addition / Subtraction

X + Y = [a1 + a2, b1 + b2]c1+c2 X − Y = [a1 − b2, b1 − a2]c1−c2

Multiplication

X · Y =
[
min{a1a2, a1b2, b1a2, b1b2}, max{a1a2, a1b2, b1a2, b1b2}

]
c1c2
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Asymmetric Interval Number (AIN) Arithmetic Operations

Division of AIN

Division (if 0 /∈ [a2, b2])

X ÷ Y =
[
min

{
a1
a2
, a1b2 ,

b1
a2
, b1b2

}
, max

{
a1
a2
, a1b2 ,

b1
a2
, b1b2

}]
c3

c3 =

c1 ·
(
α ln

(
c2
a2

)
+ β ln

(
b2
c2

))
, a2 ̸= b2,

c1 ÷ c2, a2 = b2
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Asymmetric Interval Number (AIN) Arithmetic Operations

Square Root (for a ≥ 0)

√
[a, b]c = [

√
a,
√
b]c2

c2 =


2
3

(
α(c1.5 − a1.5) + β(b1.5 − c1.5)

)
, a ̸= b,

√
c, a = b

Exponentiation (n ̸= −1)

([a, b]c)
n = [an, bn]c2

c2 =


1

n+1

(
α(cn+1 − an+1) + β(bn+1 − cn+1)

)
, a ̸= b,

cn, a = b
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Asymmetric Interval Number (AIN) Examples

Operations that break symmetry?
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Asymmetric Interval Number (AIN) Examples

"It typically takes 8 to 12 days, and on average, it takes about 11."

=== AIN ============================
[8.0000, 12.0000]_{11.0000}
=== Summary ========================
Alpha = 0.083333
Beta = 0.750000
Assymetry = -0.500000
Exp. val. = 11.000000
Variance = 1.000000
Std. dev. = 1.000000
Midpoint = 10.000000
====================================
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Asymmetric Interval Number (AIN) Examples

[0.5, 1.5]1.0 · [0.5, 1.5]1.0 = ...

=== AIN ============================
[0.2500, 2.2500]_{1.0833}
=== Summary ========================
Alpha = 0.700000
Beta = 0.357143
Assymetry = 0.166667
Exp. val. = 1.083333
Variance = 0.324074
Std. dev. = 0.569275
Midpoint = 1.250000
====================================
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Asymmetric Interval Number (AIN) Examples

Fuel Consumption on a Small Data Set

Total fuel consumption over 5 route segments.
Data: distances (D) and fuel consumption (FC) for each segment (see table).
Goal: compute total average consumption (TAC) in liters/100 km.
True reference value: TAC = 5.9074.

No. Distance (D) Fuel Consumed (FC) Average (AC)
1 693.0 43 6.2
2 735.8 39 5.3
3 553.6 31 5.6
4 492.5 34 6.9
5 741.4 43 5.8∑

3216.3 190 –
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Asymmetric Interval Number (AIN) Examples

Comparison of CIN and AIN Approaches

Using CIN:
D = [492.50, 741.40], FC = [31.00, 43.00]

TAC = [4.1813, 8.7310], midpoint 6.4561

Error from true value: 0.5487.
Using AIN with symmetric expected values:

TAC = [4.1813, 8.7310]6.0806

Error: 0.1732 (3× smaller).
Using AIN with sample-based expected values:

TAC = [4.1813, 8.7310]5.9842

Error: 0.0768 (>7× smaller than CIN).

AINs can significantly reduce error by integrating expected values into interval representation.
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Asymmetric Interval Number (AIN) Examples

Publication in Fuzzy Sets and Systems

Wojciech Sałabun (NIT) Asymmetric Interval Numbers . . . 12.01.2026



20/29

Asymmetric Interval Number (AIN) Examples

Asymmintervals library
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Asymmetric Interval Number (AIN) Examples

Asymmintervals library
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Asymmetric Interval Number (AIN) Examples

Docummentation
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Asymmetric Interval Number (AIN) Examples

Docummentation
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Asymmetric Interval Number (AIN) Examples

Other papers about AIN
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Asymmetric Interval Number (AIN) Examples

Other papers about AIN
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Asymmetric Interval Number (AIN) Examples

Other papers about AIN

Wojciech Sałabun (NIT) Asymmetric Interval Numbers . . . 12.01.2026



27/29

Asymmetric Interval Number (AIN) Examples

Conlcusions and Future Work

AINs = more realistic representation of uncertainty, opening new avenues for decision support.
Extend AIN:

Consider non-uniform distributions (beyond uniform).
Explore other characteristic values (not only E[X]).

Reduce overestimation effects in arithmetic operations.
Apply AINs in Multi-Criteria Decision Analysis (MCDA):

Adapt classical methods currently based on CINs.
Improve decision-making under uncertainty.

Validate on practical problems:
Engineering, economics, sustainability assessment.
Everyday applications.
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Asymmetric Interval Number (AIN) Examples

AIN graphs
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Thank you for your attention!

Questions and discussion are welcome.

I invite you to collaboration and further questions.
w.salabun@il-pib.pl
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